Abstract. We produce an infinite family of transcendental numbers which, when raised to their own power, become rational. We extend the method, to investigate positive rational solutions to the equation x x = α, where α is a fixed algebraic number. We then explore the consequences of x P (x) being rational, if x is rational and P (x) is a fixed integer polynomial.
Introduction
Theorem (Gelfond, Schneider). Let a and b be algebraic numbers with a / ∈ {0, 1} and b / ∈ Q. Then a b is transcendental.
Does there exist x ∈ R \ Q such that x x ∈ Q? As irrational powers are hard to understand, it is not immediately apparent that this problem admits a short, elementary solution. One can overcome the difficulty by using the value of x x to study x. In fact the equation
has an irrational solution, since it has a real solution but no rational solution.
We shall see that if x ∈ Q >0 and x x ∈ Q then x ∈ Z. Consequently, any rational number q > 1 that is not of the shape n n (n ∈ N) corresponds to an irrational number x > 1 such that x x = q. By the Gelfond-Schneider theorem, any such x is an fact transcendental. In particular, there are infinitely many transcendental real numbers x > 1 such that x x ∈ Q. All of the above is fairly straightforward, with the exception of the GelfondSchneider theorem, and these ideas have been well probed by online denizens. We generalise by considering positive rational solutions to the equation
where α is a fixed algebraic number. We show that if α is an algebraic integer then x ∈ Z. If α is not an algebraic integer, then we are nonetheless able to bound the denominator of x in terms of the degree of α. Our results provide an algorithm to determine all positive rational solutions to (1.1). We then show that if (1.1) has a positive rational solution then the minimal polynomial of α has the shape sX d − r for some r, s, d ∈ N. This leads to an alternate solution to the problem.
Eq. (1.1) may have more than one positive rational solution, for instance
It can have at most two solutions, however, since x → x x is strictly decreasing on (0, 1/e] and strictly increasing on [1/e, ∞). All positive rational solutions to the equation
This follows easily from a classical result describing all solutions to
Indeed, we may rearrange to see that the positive rational solutions to (1.2) are precisely the reciprocals of the positive rational solutions to (1.3). Bennett and Reznick [1] provide an impressive account of the history of Eq. (1.3), which goes back to a letter from Bernoulli to Goldbach [2] . Bennett and Reznick credit Flechsenhaar [3] as the first author to determine all positive rational solutions with proof. An industry has since developed to study equations of this type [1, 4, 5, 6, 8, 10] . Our only addition to the historical discussion in [1] is to remark that Ko and Sun worked on similar problems (see [9, pp. 113-114] ).
Eq. (1.1) may be considered as a variant of the problem of investigating positive rational solutions x to P (x x ) = 0, for a given polynomial P ∈ Z[X]. Our methods allow us to draw analogous conclusions when x P (x) ∈ Q. If P is monic then x ∈ Z, while if P is not monic then we are nonetheless able to bound the denominator of x in terms of the leading coefficient of P .
Details
If p is prime and n ∈ N, we shall write p a ||n if p a divides n but p a+1 does not divide n. We write [x] for the integer part of x. We denote by [b 1 , . . . , b s ] the lowest common multiple of b 1 , . . . , b s ∈ N. For x ∈ R, put e(x) := e 2πix . For a, b ∈ Z 2 \ {(0, 0)}, we write (a, b) for the greatest common divisor of a and b.
The following lemma is crucial to our analysis.
Lemma 2.1. Let x, y, a, b ∈ N with (a, b) = 1, and suppose x a = y b . Then there exists λ ∈ N such that x = λ b and y = λ a .
Proof. Note that x and y have the same prime factors. To each such factor p we assign positive integers α = α p , β = β p and X p as follows. Let p β x and p α y. Then α/β = a/b, so b|β. Write β = bX p , and note that α = aX p . Put λ = p|y p Xp . Now
Our initial assertions now follow easily.
Theorem 2.2. Let x be a positive rational number, and suppose
Proof. Put x = a/b, for relatively prime positive integers a and b. Let x x = m/n, where m and n are relatively prime positive integers. Now
Corollary 2.3. Let q > 1 be a rational number such that n n = q has no solution n ∈ N. Then there exists a transcendental real number x such that x x = q.
Proof. By the intermediate value theorem, there exists a real number x > 1 such that x x = q. The hypotheses on q ensure that x is not an integer, so Theorem 2.2 gives x / ∈ Q. Now the Gelfond-Schneider theorem implies that x is transcendental.
We turn our attention to (1.1). Note that if α is not a positive real algebraic number then (1.1) will have no solutions x ∈ Q >0 . If α is not an algebraic integer then s > 1, so λ 2. We must also have b 2, so
Note that (2.1) implicitly bounds b in terms of d. It is sharp, in some sense, because equality is attained when x = 1/2. We can use (2.1) to deduce an explicit but weaker bound.
Lemma 2.5. Let b 2 and d be integers satisfying (2.1). Then
Proof. We note that x → x/ log x is increasing on [e, ∞). Using this, we deduce that 1 log 2 < 3 log 3 2 log 2 n log n (n = 4, 5, . . .)
Now from (2.1) we have
Assume for a contradiction that (2.2) is false. Then b 4d log d > e, so
contradicting (2.1). This contradiction establishes (2.2).
Based on Theorems 2.2 and 2.4, as well as Lemma 2.5, we now outline an algorithm to determine all positive rational solutions to (1.1). Let α ∈ R >0 be an algebraic number of degree d. For b = 2, . . . , B and a = 1, 2, . . . , Nb, test x = a/b in (1.1). The number of tests required is at most
with an absolute implicit constant.
If we know the minimal polynomial of α over Z, then a good alternative procedure exists. We shall show that if (1.1) has a positive rational solution then this minimal polynomial has the shape
for some r, s, d ∈ N.
Lemma 2.6. Let p 1 , . . . , p s be distinct primes, and let (a 1 , b 1 ) , . . . , (a s , b s ) be pairs of relatively prime integers, where a i = 0 and
Proof. Factorising Q(X) over C gives
where z j = p
. Assume for a contradiction that Q(X) is reducible over Q. Then there exists a nonempty proper subset J of {0, 1, . . . , L − 1} such that the polynomial j∈J (X − z j ) has rational coefficients. In particular,
This forces e j∈J j/L to equal ±1. Now b i divides k (1 i s), so L divides k. This contradiction confirms the irreducibility of Q(X).
, where s, t ∈ Z 0 , the primes p 1 , . . . , p s , q 1 , . . . , q t are distinct, and the α i , β j are positive integers. Put g = gcd(b, α 1 , . . . , α s , β 1 , . . . , β s ).
Then the minimal polynomial of (a/b) a/b over Z is
Proof. Let y = (a/b) a/b . Since y is a root of the integer polynomial P (X), and since (a, b) = 1, it remains to show that the degree of y is b/g. We compute
(1 i t).
By Lemma 2.6, the degree of y is
For the last equality, note that if m is a common multiple of
Theorem 2.7 tells us that if (1.1) has a positive rational solution then the minimal polynomial of α over Z is given by (2.3) for some r, s, d ∈ N. From the proof of Theorem 2.4, we see that r b = a ad , and that there exists λ ∈ N such that λ a = s. We can therefore solve (1.1) by trying each positive divisor of s as a possible value for λ, since this would then determine a and b. The time taken would be roughly the time needed to prime factorise s.
Finally, we have the following analogy to Theorem 2.4. Recall that x → x/ log x is increasing on [e, ∞). Suppose for a contradiction that (2.4) is false. Then b 3|A| log 2 |A| > e, so b log 2 b 3|A| log 2 |A| log 2 (3|A| log 2 |A|) = |A| · log 2 (|A| 3 ) log 2 (3|A| log 2 |A|) > |A|, contradicting (2.6). This contradiction establishes (2.4).
